We study the PT -symmetry breaking for the scattering problem in a one-dimensional (1D) nonHermitian tight-binding lattice model with balanced gain and loss distributed on two adjacent sites. In the scattering process the system undergoes a transition from the exact PT -symmetry phase to the phase with spontaneously breaking PT -symmetry as the amplitude of complex potentials increases. Using the S-matrix method, we derive an exact discriminant, which can be used to distinguish different symmetry phases, and analytically determine the exceptional point for the symmetry breaking. In the PT -symmetry breaking region, we also confirm the appearance of the unique feature, i.e., the coherent perfect absorption Laser, in this simple non-Hermitian lattice model. The study of the scattering problem of such a simple model provides an additional way to unveil the physical effect of non-Hermitian PT -symmetric potentials.
I. INTRODUCTION
It is known that one of the fundamental principles of quantum mechanics is that physical observables must be presented by Hermitian operators in the Hilbert space to guarantee real observables and probability conservation. However, in 1988 Bender and Boettcher found that a large class of non-Hermitian Hamiltonians can exhibit all real eigenvalues if these systems have paritytime (PT ) symmetry [1] . The notable feature of these systems is that they undergo a transition from an exact PT -symmetric (unbroken) phase to a spontaneously PT -symmetry breaking phase, which is distinguished by the eigenvalues changing from all real to complex correspondingly. This leads to interesting phenomena in many fields, such as in quantum field theories and mathematical physics [2] , open quantum systems [3] , Anderson models for disorder systems [4] [5] [6] . The non-Hermitian systems have been experimentally realized in optical materials [7] , waveguide arrays [8, 9] , microresonators [10, 11] , acoustic sensor [12, 13] and LRC circuits [14] .
Although whether the PT symmetric non-Hermitian Hamiltonian can define real quantum systems is not clear, efforts have been made to detect the effects of these nonHermitian parts both in theoretical and experimental ways. Up to now, most of these studies rely on the basis that the scalar paraxial approximation of Maxwell's equation shares the same form with Schrödinger equation, in which the axial wave vector plays the role of energy [15] . In order to find the original physical meaning of these non-Hermitian systems, a metric-operator theory is developed to map the non-Hermitian Hamiltonian to an equivalent Hermitian one [16] . Based on these fun- * Electronic address: schen@aphy.iphy.ac.cn damental issues, the effects of the non-Hermitian terms have been investigated under different boundary conditions. Under the open boundary condition (OBC), the Bethe ansatz solution of a 1D tight-binding chain with two conjugated imaginary potentials at two end sites confirms the non-Hermitian PT -symmetric quantum theory for the discrete systems [17] [18] [19] . Under the periodic boundary condition (PBC), the topological invariance is derived to find the topological properties in the quantum evolution of non-Hermitian models [20] . The scattering propagation has also been investigated in various models, in which the scattering coefficients calculated by the transfer matrix method show the interesting unidirectional invisibility and self-emission effects [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In this work we study the scattering propagation in the 1D tight-binding non-Hermitian lattice model whose balanced gain and loss are distributed on two adjacent sites to ensure the PT -symmetry of the model. While the PT -symmetry breaking in the eigenvalue problem of non-Hermitian lattice model has been extensively studied [17] [18] [19] , the PT -symmetry breaking in the lattice scattering problem is not well understood yet. The study of the simple lattice model can illustrate the most fundamental principle in the non-Hermitian scattering process and helps us to understand the more complicated phenomenon in other models. With the help of the transfer matrix S we can analyze the stationary problem in the scattering propagation and define the form of the stationary wavefunction, thus getting the reflection and transmission coefficients. The S-matrix theory shows that the eigenvalues of the S matrix remain unimodular in the exact PT -symmetric phase whereas they have reciprocal moduli in the broken PT -symmetric phase [23] . The critical point is called the exceptional point (EP), which signifies the breaking of the symmetry. In this paper we give the clear analytical results of eigenvalues of the Smatrix and the exceptional point for our studied model. We also derive a discriminant to find the EPs and observe the relationship between the real and complex potentials. Moreover, the significant property -coherent perfect absorption (CPA) Laser -can also be found in this simple model and the overall output coefficient confirms the results to be the typical CPA indeed. This model can be easily implemented on many experiments, such as optical material, waveguide arrays, and acoustic sensor.
The paper is organized as follows. In Sec. II, the model is presented. In Sec. III, we investigate the symmetrybreaking transition of the scattering process with the help of the S-matrix theory. In Sec. IV, we focus on the CPA Laser and the overall output coefficient. A summary is given in Sec. V.
II. PHYSICAL MODEL
We consider the simplest 1D PT -symmetric model which consists of two lattice sites embedded with PTsymmetric complex on-site chemical potentials in the infinite tight-binding linear main chain. As schematically shown in Fig. 1 , the model can be described by the Hamiltonian:
whereφ n (φ † n ) denotes the annihilation (creation) operator for annihilating (creating) a mode state |φ n at nth site. The main chain is an infinite isotropic tightbinding chain with J being the nearest-neighbor hopping strength. The hopping terms provide the fluent channel of the continuum spectrum for the propagation of plane waves with dispersion ω = 2J cos k. The two defects are added with complex on-site chemical potentials, leading to the resonance at some income states during the propagation (as shown below). The real part of the potential U is set to be |U | < 2J to fulfill the resonance condition. For convenience, the hopping amplitude J is set to be the unit of the energy (J = 1). In general, P and T are defined as the space-reflection (parity) operator and the time-reversal operator, whose effects are P: p → −p, x → −x and T : p → −p, x → x, i → −i. A Hamiltonian is said to be PT symmetric if it obeys the commutation relation [PT , H] = 0. In this discrete model the effect of P operator is Pφ n P =φ −n+1 with the vertical line between site 0 and 1 as the mirror axis, and the effect of T operator is T iT = −i. So it's easy to prove that the Hamiltonian (1) is invariant under the combined operation PT .
III. THE SCATTERING PROBLEM AND S-MATRIX PROPERTIES
Using the S-matrix method, we now study the transport properties of the non-Hermitian PT -symmetric system and analyze the PT symmetry breaking during the scattering process. If we expand the wave function of the system as |ψ = n φ n (τ )|φ n with |φ n =φ † n |0 , from the equation i∂ τ |ψ = H|ψ , we can derive the coupledmode equation for expansion coefficients φ n (τ ):
where the overdot stands for the derivative of time τ . The stationary solution can be expressed as the following form
and then we obtain the algebraic relationship of the amplitudes on each site:
The above effective defect equation reveals that the wave propagates along the 1D chain with scattering center at sites 0 and 1 with the localized complex potentials. For the scattering problem, the wave function can be expressed in the form
where
f (b) stands for the coefficient of the two compositions in the whole wave function, the superscript − stands for the left side of the scattering center whereas + the right side of the scattering center, and f stands for the forward-going composition whereas b the backward-going composition. F − f is the so-called left-injection coefficient and F + b is the right-injection coefficient. The momentum k is assumed to be positive, and it is related to the incoming wave frequency ω by the dispersion equation ω = 2 cos k. By substituting the expression A n into the effective defect equation (2) and applying the S-matrix method, we obtain the expression of all the coefficients in the wave function as
with the elements of S-matrix as
and
From the elements of S matrix one can easily obtain the transport properties of the system. In the case of only injection from the left side, the elements S 12 and S 22 are the left reflection and transmission amplitudes defined as r L = , and r R =
respectively. So the S matrix can be expressed as
With the help of Eq. (5), one can show that t L = t R = t for a linear non-magnetic system [15, 21] . For the PTsymmetric system, one can prove the relation between transmission and reflection amplitudes as r L r * R = 1−|t| 2 . Furthermore, defining the reflection and transmission coefficient as R L,R = |r L,R | 2 and T = |t| 2 , we find that the generalized conservation relation √ R L R R = |T − 1| holds in this PT -symmetric non-Hermitian system, instead of the traditional relation R + T = 1 for the Hermitian system [22, 23] . The transmission coefficient of this PT -symmetric non-Hermitian model is found to be
From the above equation, one can show that in the Hermitian case (γ = 0), the resonant transport occurs when the income wave frequency equals to the potential strength. In this case, the central defects provide a path to guarantee a perfect transmission, i.e., T = 1 when ω = U . This resonant state plays a significant role in the PT symmetry breaking. According to the S-matrix theory, the breaking of PT symmetry may occur when we tune the strength of the non-Hermitian term in the scattering process. The system undergos a transition from the exact PT symmetric phase to the spontaneous PT symmetry breaking phase, which is distinguished by the eigenvalues of the S-matrix. In the exact PT symmetric phase, the eigenvectors of the S-matrix is also PT symmetric, and thus the eigenvalues are unimodular. While in the PT symmetry breaking phase, the eigenvectors are not PT symmetric, and they transform into each other under the PT symmetry operator. Consequently, the two eigenvalues have reciprocal moduli, instead of being unimodular [23] .
For the model (1), we can derive the analytical form of the eigenvalues of S-matrix. From Eq. (6), we have
By using the property of the S matrix, i.e., S * = S −1 , we have r L = − t t * r * L and thus get
where g(γ, U, ω) and ∆ are given by
respectively. While g(γ, U, ω) is always negative for the permitted frequency |ω| ≤ 2, ∆ serves as a discriminant to determine the moduli of the eigenvalues. Eq. (7) indicates that the eigenvalues are unimodular for T < 1, i.e.,
whereas for T > 1, there exists
So T = 1 can be taken as a criterion to signify the phase transition from PT symmetric phase to PT symmetry breaking phase, which is called the exceptional point (EP). The phase transition and EP can be also determined by the discriminant ∆. One can easily show that the PT symmetric phase exists when ∆ > 0, while PT symmetry breaking phase exists when ∆ < 0. The criterion T = 1 is equivalent to the discriminant ∆ = 0. From Eq. (8), we find that under the condition
there exist two EPs at
which is determined by ∆ = 0. For ω − < ω < ω + , the system is in the PT symmetry breaking phase, whereas it is in the PT symmetry phase for ω < ω − or ω > ω + . On the other hand, the system undergos no phase transition when γ 2 +U 2 −4 ≥ 0 due to ∆ > 0, and thus the system is always in the PT symmetric phase. The positions of EPs ω ± also show that the symmetry breaking starts from the resonance state ω = U and spreads out to both sides when increasing the strength of non-Hermitian potential γ. This behavior indicates that the symmetry breaking is quite relevant to the resonant transport during the scattering propagation. Actually it is such the case because the PT symmetry breaking can also be signified by the transmission coefficient T = 1, and the system is in the perfect transmission in the resonant condition. To give concrete examples, in Fig. 2 we show the numerical results of eigenvalues of the S matrix as a function of ω for a certain U = 0.5. In Fig. 2(a) the strength of non-Hermitian potential is taken as γ = 0.5 which fulfils the condition given by Eq. (11). The results show that the system undergos two phase transitions at two EPs ω ± = 0.5 ± √ 1.75 as the incoming wave frequency ω changes. The system is in the PT symmetry breaking phase when the frequency ω − < ω < ω + , which is signified by the reciprocal but non-unit moduli relation of s 1 and s 2 . As shown in Fig. 2(a) , blue dash-dotted and red dashed lines represent log 10 |s 1 | 2 and log 10 |s 2 | 2 , respectively, and they are definitely zero when ω < ω − and ω > ω + , indicating that the system is in the PT symmetric phase. We also show the transmission coefficient T denoted by the green solid line as a function of ω in the same figure. It is shown that T < 1 in the PT symmetric phase, whereas T > 1 in the broken PT symmetric phase. T = 1 defines the EPs just as s 1,2 defines them by the bifurcation of their modular. The dotted black lines mark the positions of two EPs in Fig. 2(a) . In Fig. 2(b) , we show the eigenvalues of the S matrix as a function of ω for a certain γ = 1.95. In this case, the system is in the PT symmetric phase in the whole ω region and no phase transition occurs, as γ = 1.95 obeys the condition γ 2 + U 2 − 4 > 0. Correspondingly, T is always below unit in the whole ω region.
IV. CPA-LASER
In the breaking PT symmetric phase of the nonHermitian system, there is a unique absorption feature caused by the PT symmetry. As the simultaneous gain and loss are balanced embedded, the growth and decay modes are tightly linked each other in a unique manner. When the system permits self lasing at some frequency, it permits coherent perfect absorption (CPA) for a certain amplitude plane wave at the same frequency [29] . The unique feature is known as CPA-Laser.
In this discrete model, we rewrite the scattering equation by the transfer matrix M ,
Supposing that the CPA-Laser occurs at frequency ω 0 = 2 cos k 0 , the PT symmetry requires that the elements of the transfer matrix M obey the relation M 11 (k 0 ) = M * 22 (k 0 ) = 0 at this frequency ω 0 . In this discrete model, the elements of M matrix are found to be
The frequency for CPA-Laser in this model can be calculated following the relation discussed above, which leads to the restriction of the strength of non-Hermitian potential,
Despite that the PT -symmetry breaking phase may exist when |U | < 2, the CPA-Laser exists only under the condition |U | < 1 according to the above restriction, while the CPA-Laser does not exist when 1 ≤ |U | < 2. The CPA-Laser can be carved by an overall output coefficient Θ(k, σ) in PT symmetric system, defined as [29] Θ(k, σ) =
f represents the ratio of the injected signals from two sides, and in the second row we have used the property of the M -matrix, i.e., M * = M −1 . It is noted that the output coefficient Θ(k, σ) is a useful sign to detect the simultaneous CPA-Laser, that is, the vanishing of coefficient Θ is the signature of coherent perfect absorption and Θ vanishes only for particular values of σ = M 21 (k 0 ), i.e., Θ(k 0 , σ = M 21 (k 0 )) = 0. For simplicity, this particular phenomenon can be understood from Eq. (13) . Since the CPA requires that at the momentum k 0 there is F 
is the equal criterion for CPA and Laser. , the CPA-Laser occurs at frequency ω 0 = 2 cos k 0 = 1, which is signed by the vanish of Θ. While for the other γ marked by the red dashed line, there is no k 0 for CPA-Laser in the whole region as γ can not follow the Eq. (15) . There is another method to characterize the CPA-Laser by the eigenvalues of S matrix. Fig. 3(b) shows that there is a sharp peak of the curve of log 10 |s 1,2 | 2 which indicates the appearance of a lasing mode at a certain γ and ω. Meanwhile there is also a deep peak indicating that it's an absorption mode at the same time. Fig. 3(c) gives an aerial view of Fig. 3(b) from the top and the results show that peaks appears at the frequency ω 0 = 1, γ = √ 2 − 0.5 2 , which coincides with the results given by the output coefficient Θ.
V. SUMMARY
In summary, we have studied the symmetry-breaking transition of the scattering process in a simple 1D PTsymmetric non-Hermitian lattice model. With the help of the S-matrix method, we have analytically determined the exceptional points and given a discriminant to distinguish the PT -symmetric phase and the breaking phase. In addition, we have shown that the unique feature of CPA-Laser can also be achieved in this simple model and obtained the condition to decide the appearance of CPA-Laser, which can be verified by the overall output coefficient Θ and the appearance of sharp peaks in the eigenvalues of S matrix individually. This simple model can be easily implemented on experiments, such as the optical materials, the waveguide arrays, and the acoustic sensor. Thus our work provides an additional way to explore the physical effect of the PT -symmetric lattice system both in analytical and experimental fields and help us to understand the physical meaning of PT symmetry breaking in the lattice scattering problem.
